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SMUCKER, RUSSELL A., M.A., S e p t e m b e r ,  1 9 6 7  MATHEMATICS 

A MAXIMIZATION PROBLEM IN THE THEORY OF PARTITIONS ( M p p . )  

D i r e c t o r  o f  T h e s i s :  T. N .  B h a r g a v a  

The p u r p o s e  o f  t h i s  t h e s i s  i s  t o  s t u d y  t w o  g e n e r a l i z a t i o n s  

o f  t h e  f o l l o w i n g  p r o b l e m  i n  t h e  t h e o r y  o f  p a r t i t i o n s  o f  i n t e g e r s :  

m a x i m i z e  t h e  sum o f  t h e  p r o d u c t s  o f  a l l  p a i r s  o f  a d j a c e n t  t e r m s  

i n  a n  o r d e r e d  p - t u p l e  s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  t h e  

c o o r d i n a t e s  b e  p o s i t i v e  i n t e g e r s  whose  sum i s  f i x e d  ( ~ 1 2 ) .  

In c h a p t e r  I w e  c o n s i d e r  t h e  p r o b l e m  o f  m a x i m i z i n g  t h e  sum 

o f  t h e  p r o d u c t s  o f  a l l  o r d e r e d  q - t u p l e s  o f  a d j a c e n t  t e r m s  i n  a n  

o r d e r e d  p - t u p l e  s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  t h e  c o o r d i n a t e s  

b e  p o s i t i v e  i n t e g e r s  whose  sum i s  f i x e d  ( 2 5 q 9 ) .  We g i v e  a n  

e x p l i c i t  d e s c r i p t i o n  o f  a p - t u p l e  w h i c h  y i e l d s  t h e  maximum a n d  

u s e  i t  t o  f i n d  a n  a p p r o x i m a t i o n  f o r  t h e  maximum. 

I n  c h a p t e r  I1 we a l t e r  t h e  p r o b l e m  by  a l l o w i n g  t h e  

c o o r d i n a t e s  t o  b e  n o n n e g a t i v e  r e a l  n u m b e r s .  We a g a i n  d i s p l a y  

a p - t u p l e  y i e l d i n g  t h e  maximum, and  w e  u s e  It t o  f i n d  a n  

e x p l i c i t  e x p r e s s i o n  f o r  t h e  maximum. 
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The  p u r p o s e  o f  t h i s  t h e s i s  i s  t o  s t u d y  t w o  g e n e r a l i z a t i o n s  

o f  t h e  f o l l o w i n g  p r o b l e m  i n  t h e  t h e o r y  o f  p a r t i t i o n s  o f  i n t e g e r s :  

m a x i m i z e  t h e  sum o f  t h e  p r o d u c t s  o f  a l l  p a i r s  o f  a d j a c e n t  t e r m s  

i n  a n  o r d e r e d  p - t u p l e  s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  t h e  

c o o r d i n a t e s  b e  p o s i t i v e  i n t e g e r s  w h o s e  sum i s  f i x e d  ( ~ 2 2 ) .  

I n  c h a p t e r  I we c o n s i d e r  t h e  p r o b l e m  o f  m a x i m i z i n g  t h e  sum 

o f  t h e  p r o d u c t s  o f  a l l  o r d e r e d  q - t u p l e s  o f  a d j a c e n t  t e r m s  i n  a n  

o r d e r e d  p - t u p l e  s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  t h e  c o o r d i n a t e s  

b e  p o s i t i v e  i n t e g e r s  w h o s e  sum is f i x e d  ( 2 5 ~ 9 ) .  W e  g i v e  a n  

e x p l i c i t  d e s c r i p t i o n  o f  a p - t u p l e  w h i c h  y i e l d s  t h e  maximum a n d  

u s e  i t  t o  f i n d  a n  a p p r o x i m a t i o n  for t h e  maximum. 

I n  c h a p t e r  I1 we a l t e r  t h e  p r o b l e m  by  a l l o w i n g  t h e  

c o o r d i n a t e s  t o  b e  n o n n e g a t i v e  r e a l  n u m b e r s .  We a g a i n  d i s p l a y  

a p - t u p l e  y i e l d i n g  t h e  maximum, a n d  we u s e  i t  t o  f i n d  a n  

e x p l i c i t  e x p r e s s i o n  f o r  t h e  maximum. 
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- 

C h a p t e r  0 

P r e l i m i n a r i e s  

T h e  p u r p o s e  o f  t h i s  t h e s i s  i s  t o  s t u d y  t w o  g e n e r a l i z a t i o n s  

o f  a p r o b l e m  i n  t h e  t h e o r y  o f  p a r t i t i o n s  o f  i n t e g e r s :  m a x i m i z e  

t h e  sum o f  p r o d u c t s  o f  p a i r s  o f  a d j a c e n t  t e r m s  i n  a n  o r d e r e d  

p - t u p l e  s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  t h e  c o o r d i n a t e s  b e  

p o s i t i v e  i n t e g e r s  w h o s e  sum i s  f i x e d  ( 2 9 ) .  

We a r e  t h a n k f u l  t o  P r o f e s s o r  S .  D .  C h a t t e r j i  f o r  b r i n g i n g  

t h i s  p r o b l e m  t o  o u r  a t t e n t i o n .  The  g e n e r a l i z a t i o n s  we c o n s i d e r  

a r e :  ( a )  s o l v e  t h e  a b o v e  p r o b l e m ,  b u t  t a k e  t h e  sum o f  q+l- 

t u p l e s  o f  a d j a c e n t  t e r m s  ( 1 L q Z p - 1 ) ;  ( b )  s o l v e  ( a )  a l l o w i n g  

t h e  c o o r d i n a t e s  t o  b e  n o n n e g a t i v e  r e a l  n u m b e r s .  

We s t a t e  some d e f i n i t i o n s  a n d  n o t a t i o n s .  

D e f i n i t i o n  L e t  N a n d  p b e  p o s i t i v e  i n t e g e r s  s u c h  t h a t  29fZ. 

An o r d e r e d  p - t u p l e  o f  p o s i t i v e  i n t e g e r s  t h e  sum o f  w h o s e  

c o o r d i n a t e s  i s  N i s  s a i d  t o  b e  a n  o r d e r e d  p a r t i t i o n  o f  iu’ h a v i n g  

l e n g t h  p .  

T h e  n o t a t i o n  i l ( N , p )  i s  u s e d  t o  d e n o t e  t h e  s e t  o f  a l l  

o r d e r e d  p a r t i t i o n s  o f  N h a v i n g  l e n g t h  p .  T h r o u g h o u t  t h i s  

t h e s i s  N a n d  p a r e  c o n s i d e r e d  f i x e d ;  s o  N a n d  p w i l l  b e  

s u p p r e s s e d .  T h e r e f o r e  l l ( N , p )  w i l l  b e  w r i t t e n  s i m p l y  as  TI. 

L e t  7 = ( x 1 ,  . . . ,  x P ) ~ i l ,  a n d  l e t  q b e  a p o s i t i v e  i n t e g e r  

s u c h  t h a t  l < q < p - l .  - -  The s e t  o f  p o s i t i v e  i n t e g e r s  i s  d e n o t e d  

1 



a 

b y  I+ .  The  m a p p i n g  aq:lT--,I+ i s  d e f i n e d  b y  

T h e  i n t e g e r  q i s  c o n s i d e r e d  f i x e d  a n d  a s  s u c h  w i l l  b e  

s u p p r e s s e d .  S o  a q  w i l l  b e  w r i t t e n  a s  5 .  

The number  1-1 i s  d e f i n e d  b y  u=max O ( T ) .  We i m m e d i a t e l y  
ITETI 

n o t i c e  t h a t  1-1 e x i s t s ,  b e c a u s e  TI i s  n o n e m p t y  a n d  f i n i t e .  

The  f i r s t  p r o b l e m  we c o n s i d e r  i n  t h i s  t h e s i s  i s  t o  

e x p r e s s  1-1 i n  t e r m s  o f  t h e  t h r e e  f i x e d  p a r a m e t e r s  N , p ,  a n d  

q ,  a n d  t o  d i s p l a y  a p a r t i t i o n  TEI I  s u c h  t h a t  p=cf ( : ) .  T h i s  

p r o b l e m  i s  t r e a t e d  i n  c h a p t e r  I .  

I n  c h a p t e r  I1 we s o l v e  a c e r t a i n  g e n e r a l i z a t i o n  o f  

t h e  p r o b l e m  t o  r e a l  n u m b e r s .  

D e f i n i t i o n  L e t  a b e  a p o s i t i v e  r e a l  n u m b e r ,  a n d  l e t  p b e  

a p o s i t i v e  i n t e g e r  s u c h  t h a t  2 < p .  - An o r d e r e d  p - t u p l e  o f  

n o n n e g a t i v e  r e a l  n u m b e r s  t h e  sum o f  whose  c o o r d i n a t e s  i s  

a i s  s a i d  t o  b e  a n  o r d e r e d  r e a l  p a r t i t i o n  o f  ct h a v i n g  l e n g t h  - 

E -  

N % P )  Y g q ,  a n d  p a r e  d e f i n e d  f o r  t h e  r e a l  n u m b e r s  a s  

t h e  o b v i o u s  a n a l o g u e s  o f  t h e  d e f i n i t i o n s  f o r  t h e  i n t e g e r s .  

A g a i n ,  a, p ,  a n d  q a r e  c o n s i d e r e d  f i x e d  a n d  w i l l  b e  s u p -  

p r e s s e d  i n  n o t a t i o n .  I n  c h a p t e r  I1 we p r o v e  t h e  e x i s t e n c e  

o f  Il, f i n d  a n  e x p r e s s i o n  f o r  1-1 i n  t e r m s  o f  a, p ,  a n d  q ,  a n d  

d i s p l a y  a p a r t i t i o n  ?E:II s u c h  t h a t  p q ( 5 ) .  

C h a p t e r s  I a n d  I1 a r e  s e l f - c o n t a i n e d ;  s o  t h e  s u p p r e s s i o n  



3 

of  b o t h  N a n d  a i n  n o t a t i o n  d o e s  n o t  l e a d  t o  a m b i g u i t y  i n  

t h e  m e a n i n g  o f  ll a s  l l ( N , p )  o r  l l ( a , p ) .  
IC 

I -  

I -  
- 

To f a c i l i t a t e  u s i n g  a s i m p l e r  n o t a t i o n  w e  s t a t e  t w o  
b 

i = a  
c o n v e n t i o n s .  1 f ( i ) = O  if a > b .  If i<l  or i > p ,  t h e n  

x = o .  i 

B r a c k e t s  a r e  u s e d  e x c l u s i v e l y  t o  d e n o t e  t h e  g r e a t e s t  

i n t e g e r  f u n c t i o n .  The  n o t a t i o n  "(5, .  . . ,X ) i s  r e s e r v e d  

f o r  ?i s u c h  t h a t  p = a ( i ) ,  i . e .  a b a r  i n d i c a t e s  a p a r t i t i o n  

P 

w h i c h  y i e l d s  t h e  maximum p. 

G i v e n  a n  a r b i t r a r y  p a r t i t i o n  T r = ( x l , .  . . , x p )  i n  ll 

( e i t h e r  l l ( N , p )  o r  l l ( a , p ) ) ,  we c o n s t r u c t  new p a r t i t i o n s  

i n  I[ as  f o l l o w s :  

A 

= ( y l ,  . . .  ) ,  d e f i n e d  b y  , y P  

y . = x  f o r  i = l , .  . . , p ;  
1 p - i + l  

3if = (yl, ...,y p ) ,  d e f i n e d  by  

Y1'Xp 9 

y i = x i - l  f o r  i = 2 , .  . . , p ;  a n d  

% = ( y l , .  . . , y p ) ,  d e f i n e d  b y  

Y P = q  9 

y i = x i + l  f o r  i = l , . . . , p - 1 -  

L e t  h a n d  k b e  d i s t i n c t  f i x e d  i n t e g e r s ,  1 L h , k l p .  I f  

I T = ( x ~ , .  . . , x p ) & l l ( N , p )  i s  s u c h  t h a t  x k 1 2 ,  t h e n  n < h , k > =  

( y l , .  . . , y k ) E I [ ( N , p )  i s  d e f i n e d  b y  



. 
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I -  

I -  

I n  t h e  r e a l  c a s e  ' r r<h,k> d e p e n d s  on E ;  s o  E m u s t  b e  e x p l i c i t l y  

s t a t e d  f o r  ' r r<h,k> t o  make s e n s e .  



l -  
C h a p t e r  I 

M a x i m i z i n g  O v e r  P o s i t i v e  I n t e g e r s  

We f i n d  i n  t h i s  c h a p t e r  a p a r t i t i o n  ?i s u c h  t h a t  p=o(?;>. 

- 
TTsing  T w e  o b t a i , i  g o o d ,  simple b o u n d s  f o r  p. Our v a r i a b l e s  

x i  a r e  p o s i t i v e  i n t e g e r s .  The c a s e  N=p i s  t r i v i a l ;  s o  i t  

i s  a s s u m e d  h e n c e f o r t h  t h a t  N>p.  

1.1 The C a s e  q = l  -- 

I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h e  s i m p l e s t  c a s e ,  v i ~ .  

q=1. The  r e s u l t s  o f  t h e  n e x t  s e c t i o n  i m p l y  t h e  r e s u l t s  o f  

t h i s  s e c t i o n .  H o w e v e r ,  w e  p r e s e n t  t h i s  c a s e  s e p a r a t e l y  t o  

i l l u s t r a t e  i n  s i m p l e  f o r m  some o f  t h e  t e c h n i q u e s  u s e d  i n  

t h e  more  g e n e r a l  s e t t i n g .  The r e s u l t s  g i v e n  i n  t h i s  s e c t i o n  

a r e  e s s e n t i a l l y  t h o s e  o f  P r o f e s s o r  A .  M e i r ,  U n i v e r s i t y  o f  

A l b e r t a ,  a n d  t h e y  w e r e  c o m m u n i c a t e d  t o  u s  i n  a l e t t e r .  F o r  

t h i s  we a r e  t h a n k f u l  t o  P r o f e s s o r  F e i r .  

T h e o r e m  1.1. F o r  q = l  t h e  maximum 1.1 i s  g i v e n  b y :  

F o r  p = 2 , 3 ,  

F o r  p > 3 ,  p=2N-p- l+  p!] [VI. 
A p a r t i t i o n  i s  g i v e n  b y :  

For p = 2 ,  ?= ( B Y  [?I) * 

F o r  p = 3 ,  n =  - (1, [g 7 [?I) 
7r= ( 1,l , . . .  1, - 

F o r  p > 3 ,  u 
P-3 

5 
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Proof. The  p r o o f  i s  g i v e n  i n  t h r e e  c a s e s .  

C a s e  1. p =2 We p r o v e  t h a t  i n  G y  I?l-x2151. - L e t  n&TI be  s u c h  

3(n<2,1>) = y 1 y 2  

t h a t  x1-X2L2. Then 

= (X1-l) (x2+1) 

= x x +(x -x -1) 
1 2  1 2  

1 2  > x x  

B e c a u s e  pX(n<2,1>) > ~ ( T T ) ,  i t  m u s t  b e  t r u e  t h a t  p & ( . r r ) .  - 

S i m i l a r l y ,  i f  n=(x1,x2)~n is s u c h  t h a t  x -x > 2 y  a 2 1- 

s y m m e t r i c  a r g u m e n t  shows  t h a t  ( T T )  . 
- - -  - -  

S o  i t  must  b e  t h a t  i n  ;=(x 19x2)' lx1-x2 [<I. - S O  TT c a n  

b e  t a k e n  t o  b e  ([i , [?I), from w h i c h  p i s  c o m p u t e d  t o  b e  

- -  - - - -  [$] [?I * =3 a(n)= - x2(x1+x3). If x a n d  x +x a r e  c o n s i d e r e d  
Case 2. p 

as  

1 3  .- 2 

o n l y  t w o  v a r i a b l e s  t h e i r  sum i s  s t i l l  N ,  a n d  t h e  p r o b l e m  

r e d u c e s  t =  t h e  c a s e  p=2.  I t  i s  s u f f i c i e n t  t o  p i c k  x2= 
- - - -  

a n d  xl+x 3= [?I. so n c a n  b e  c h o s e n  a s  n =  (i,[i 
a n d  7 =[g [?I. T h i s  p a r t i c u l a r  c h o i c e  f o r  ? i s  made 

b e c a u s e  i t  c o i n c i d e s  w i t h  a more  g e n e r a l  s t a t e m e n t  a b o u t  - TT 

i n  t h e  n e x t  s e c t i o n .  
- -  

Case 3 .  p >3 F i r s t  we p r o v e  xl=xp=l. L e t  nEl7 b e  s u c h  t h a t  

x >2. Then 1- 

= x1x2+x2x3+x x + 2' x x i i+l+x4 i = 4  3 4  



S i m i l a r l y  i f  i n  n x '2, t h e n  l . l @ ( T ) .  T h i s  e s t a b l i s h e s  
P- - -  

t h a t  i n  7 ,  x l = x  =1. 
P 

We now p r o v e  t h e  f o l l o w i n g  b y  i n d u c t i o n  o n  j :  f o r  j i n  

t h e  r a n g e  l < j < p - 3 ,  t h e r e  e x i s t s  a p a r t i t i o n  ? i * ~ l l  s u c h  t h a t  

~ = a ( : * )  a n d  z* =1 for i= l ,  . . . ,  j , p .  

- -  

1 

For j = 1  t h e  e x i s t e n c e  o f  s u c h  a p a r t i t i o n  h a s  a l r e a d y  

b e e n  p r o v e d ,  f o r  s e l e c t  a n y  p a r t i t i o n  VEII s u c h  t h a t  u=cr ( . r r ) .  

Now a s s u m e  t h a t  for l c j ( p - 4  t h e r e  i s  a p a r t i t i o n  - -  
? ~ E T [  s u c h  t h a t  l~=o( ; ' )  a n d  Z o = l  f o r  i = l ,  . . . ,  j , p .  We s e e k  

1 
- - 

t o  p r o v e  t h e  e x i s t e n c e  of  a p a r t i t i o n  .rr*=(z* , x * )  s u c h  

t h a t  p q  (?;*)  

on '10 t o  s h o w  :* e x i s t s .  
j + l  

l).'. P 
a n d  GT=l f o r  i= l , .  . . , j + l , p .  We u s e  i n d u c t i o n  

1-f F O + l = l ,  t h e  e x i s t e n c e  o f  IT* i s  t r i v i a l ,  for l e t  
J 

- n*=:o. 



l -  

8 

=p. 

I -  B e c a u s e  y j + l  = D - 1 ,  we can  i n v o k e  t h e  s e c o n d  i n d u c t i v e  

h y p o t h e s i s  t o  a s s e r t  t h e  e x i s t e n c e  o f  E* f o r  ; ; j + 3 , j + l >  

a n d  h e n c e  f o r  ? ' i n  w h i c h  Z g + l = D ,  

d u c t i o n .  

T h i s  c o m p l e t e s  t h e  i n -  

I n  p a r t i c u l a r ,  f o r  j = p - 3  t h e r e  e x i s t s  a p a r t i t i o n  E 
s u c h  t h a t  x.=l f o r  i = l ,  . . .  , p - 3 , p .  We show n e x t  t h a t  

1 - 
Ixp -2 -xp-1  151. 

L e t  IT b e  s u c h  t h a t  x.=l f o r  i = l ,  . . . ,  p - 3 , p ,  b u t  s u c h  
1 

D - 4  

S i m i l a r l y  i f  TET[  i s  s u c h  t h a t  x i = l  f o r  i=1, ...,p- 3 , F  

b u t  s u c h  t h a t  x - X  > 2 ,  t h e n  p f a ( l T ) .  F-1 p-2- 

C o n s e q u e n t l y ,  f o r  t h e  c h o i c e  of  ';i a b o v e  i t  m u s t  a l s o  b e  

S o  c a n  b e  c h o s e n  t o  b e  

?= ( l , l ,  . . . )  1,[ w-p+ '3 , [ -2  N -p+3 -1 4) .  

From t h i s  p c a n  b e  c o m p u t e d  t o  b e  
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1 . 2  The  G e n e r a l  C a s e  - 

I n  t h i s  s e c t i o n  we s o l v e  t h e  p r o b l e m  o f  m a x i m i z i n g  

l -  

o v e r  t h e  p o s i t i v e  i n t e g e r s  i n  t h e  g e n e r a l  c a s e .  I n  S e c t i o n  

1.1 we o b t a i n e d  o u r  r e s u l t s  b y  c o m p a r i n g  O ( T )  a n d  T ( n < h , k > )  

f o r  some a s t u t e  c h o i c e  o f  h a n d  k .  T h i s  t e c h n i q u e  i s  v a l -  

u a b l e  i n  t h e  g e n e r a l  c a s e  as  w e l l .  S o  we f i r s t  s t a t e  t h e  

e x a c t  r e l a t i o n s h i p s  b e t w e e n  CT (n) a n d  ~ ( ? f ) ,  5 ( $ 1 ,  a n d  

o ( n < h , k > ) .  E v i d e n t l y  o ( . r r ) =  o ( T ) .  
I\ 

L e m m a  1 . 2 . 1  L e t  t h e  d i s t i n c t  i n t e g e r s  h a n d  k i n  t h e  

r a n g e  l < h , k < p  -_ - b e  s u c h  t h a t  [ h - k l c q .  ._ L e t  n = ( x l , .  . . ,xP)€l-I  

( i i )  I f  h < k ,  O ( ~ < h , k > ) -  g ( ~ ) =  

h k 

i + q  * 
1 x i . . . x  i + q -  .- x i . . . x  i + y  

X n X k  k-q X h  h-q XI: h+1 

- - t Y i .  ' Y i + q +  t y i . .  . y i + q  
1 k-q 

+ 1 Y i " . Y i + q  
h+l 



P - 9  

h + l  i + q '  + x i . . . x  

k h 
I - - a( lT)+ ---- x k - x h - 1  1 x i . . . x  +- X i ' .  . x i + q  

h k + l  i + q  x XhXk h-q  

h-q-1 
1 

The  p r o o f  o f  ( i i )  i s  s y m m e t r i c  t o  ( i ) ;  h e n c e  i t  i s  n o t  

g i v e n  h e r e .  1 

Lemma 1 . 2 . 2  L e t  l < k < p - l .  Then 

( i )  If  x k 2 2 ,  c r ( n < k + l , k > ) i r ( ~ ) =  

- -  

k 
k + l - l  1 x . . . x  +x . . . x  - X  . . . x  x k - x  

i + q  1;+2 k + l + q  k-q  k - 1 '  - 
x x  k k + l  k+l-q 

P r o o f .  T h i s  lemma i s  a s p e c i a l  c a s e  o f  lemma 1 . 2 . 1 .  I 

L e m m a  1 . 2 . 3  L e t  t h e  d i s t i n c t  i n t e g e r s  h a n d  k i n  t h e  r a n g e  

l < h , k < p  b e  s u c h  t h a t  \ h - k l > q .  

t h a t  x k > 2 .  - 

L e t  T = ( x l ,  . . . ,  x )En b e  s u c h  
P - - 

Then a ( l T < h , k > ) -  C T ( l T ) =  

Proof. The p r o o f  i n v o l v e s  b r e a k i n g  a ( ~ ~ < h , k > )  i n t o  f i v e  



p a r t i a l  s u m m a t i o n s  as  i n  lemma 1 . 2 . 1 .  B e c a u s e  i t  i s  b u t  a 

v a r i a t i o n  o f  t h e  p r o o f  of  lemma 1 . 2 . 1 ,  i t  i s  o m i t t e d .  

Lemma 1.2.4 

Proof o f  ( i ) .  

I -  
I 

I 

p 1"' x q +P- f - lx  i=l  i . . .x i + q  = x x  

P-9  

i=l 

- - x p x p . . x  + 1 x i . . . x i + q - x p - q . . . x p  
9 

= a ( l T ) + x  x . . .  x - x  . . .  x . 
P I  9 P - 9  P 

The  p r o o f  o f  ( i i )  i s  s y m m e t r i c  t o  ( i ) ;  s o  i t  i s  o m i t t e d .  fl 

The  n e x t  l e m m a  p r o v e s  t h e  e x i s t e n c e  o f  a c e r t a i n  p a r -  

t i t i o n  n e e d e d  i n  t h e o r e m  1.2.6. 

L e m m a  1 . 2 . 5  L e t  T E T I  b e  a r b i t r a r y  b u t  f i x e d .  L e t  t h e  f i x e d  

d i s t i n c t  i n t e g e r s  h a n d  k i n  t h e  r a n g e  l < h < k < p  b e  s u c h  t h a t  

q < k - h .  Then  t h e r e  e x i s t s  a p a r t i t i o n  T 0 = ( x T ,  . . .  , x 0 ) & I I  s u c h  

t h a t  

- - 

P 
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P r o o f .  

p r o v e d .  S o  a s s u m e  Xh>2 - a n d  x k > 2 .  - 
I f  i n  IT, x h = l  o r  x k ' l ,  l e t  n 0 = n  a n d  t h e  l e m m a  i s  

From lemma 1 . 2 . 3  
k 1 h 1 o ( ~ < h , k > ) q ( n ) =  - 1 x i . . . x  

Xh h -q  

C a s e  1 a ( n < h , k > ) - o ( ~ r ) , O .  The e x i s t e n c e  o f  no s a t i s f y i n g  

x E = l  i s  p r o v e d  b y  i n d u c t i o n  on  Xk. 

I f  x k = 2 ,  l e t  n o = ~ < h , k >  a n d  t h e  c o n d i t i o n s  ( i ) - ( i i i )  

a r e  s a t i s f i e d .  ( I n  p a r t i c u l a r  i n  ( i i ) ,  x g = y k = x k - l = l . )  

Now a s s u m e  x =D, a n d  t h a t  no s a t i s f y i n g  ( i ) ,  ( i i i )  k 
a n d  xi=l e x i s t s  f o r  T '  i n  w h i c h  x i = D - l .  We n o t e  t h a t  i n  

T ' = n < h , k > ,  x i = D - l .  S o  t h e  i n d u c t i v e  h y p o t h e s i s  c a n  b e  

a p p l i e d  t o  ' iT<h,k> t o  p r o d u c e  no f o r  T < h , k > .  We v e r i f y  

( i )  5 ( T 0 ) L a ( I T < h , k > ) ,  b y  i n d u c t i v e  h y p o t h e s i s ,  

> o ( ~ )  , b y  a s s u m p t i o n  f o r  c a s e  1. - 

( i i )  x i = l ,  b y  i n d u c t i v e  h y p o t h e s i s .  

( i i i )  x ? = y  f o r  i # h , k ,  b y  i n d u c t i v e  h y p o t h e s i s ,  i i  

= x i f o r  i # h , k , b y  d e f i n i t i o n  o f  ~ < h , k > .  

T h i s  c o m p l e t e s  t h e  i n d u c t i o n  f o r  t h i s  c a s e .  

C a s e  2 o ( n < k , h > ) + J ( T h .  The proof i s  d u a l  w i t h  c a s e  1; 

s o  i t  i s  o m i t t e d .  I 
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Theorem 1 . 2 . 6  T h e r e  i s  a .fi* i n  ll s u c h  t h a t  f o r  some 

i n t e g e r s  m a n d  n i n  t h e  r a n g e  l < m < n < p  s u c h  t h a t  m+q=n ,  i t  

i s  t r u e  t h a t  x * = l  f o r  i=l ,  ..., m - l , n + l ,  . . . ,  p .  

- - 

1 

P r o o f .  L e t  ; b e  f i x e d .  S e l e c t  r a n d  s s o  t h a t  x r 1 2  a n d  

x i = l  f o r  i= l ,  . . . ,  r-1; 2 >2 a n d  x i = l  f o r  i = s + l ,  . . . ,  p .  S- 

The e x i s t e n c e  o f  IT* i s  p r o v e d  b y  i n d u c t i o n  on  t h e  

d i f f e r e n c e  d = s - r  f r o m  1 t o  p - 2 .  (For d = p - 1  t h e  t h e o r e m  

i s  v a c u o u s . )  

F o r  d = l ,  . . . , q ,  l e t  . f i g = ? ,  a n d  t h e  t h e o r e m  i s  t r i v i a l  

f o r  some s u i t a b l e  c h o i c e  o f  m a n d  n i n  t h e  r a n g e s  lLmLr 

Assume now t h a t  f o r  a n y  G o ,  i n  w h i c h  ro a n d  s o  ( d e f i n e d  

s i m i l a r l y  t o  r a n d  s )  a r e  s u c h  t h a t  s o - r 0 = d o < d ,  a p a r t i t i o n  

IT* e x i s t s .  
- 

- 
L e t  q < d < p - 2  f o r  w .  A p p l y i n g  lemma 1 . 2 . 5  t o  w i t h  - - 

h = r  a n d  k = s ,  w e  g e t  a p a r t i t i o n  T O  s a t i s f y i n g  ( i ) - ( i i i ) ,  

l e m m a  1 . 2 . 5 .  
- 

From ( i )  we h a v e  5 ( w o ) > a ( ; ) = u .  And f r o m  ( i i )  and - 

( i i i )  i t  f o l l o w s  t h a t  d o < d .  S o  w e  c a n  a p p l y  t h e  i n d u c t i v e  

h y p o t h e s i s  t o  G o  t o  p r o d u c e  ;*. h 

I t  i s  p o s s i b l e  f o r  w t o  b e  s u c h  t h a t  p = g ( n ) ,  b u t  t h a t  

t h e  c o n d i t i o n  i n  t h e o r e m  1 . 2 . 6  f a i l s  f o r  w .  F o r  e x a m p l e ,  

l e t  N = 7 ,  p = 3 ,  9'1. I t  t u r n s  o u t  t h a t  ~'12. The p a r t i t i o n  

( 2 , 3 , 2 )  y i e l d s  p ,  b u t  i t  d o e s  n o t  s a t i s f y  t h e o r e m  1 . 2 . 6 .  



On t h e  o t h e r  h a n d ,  t h e  p a r t i t i o n  (1,2,4) s a t i s f i e s  x i = l  

f o r  i=l ,  . . . ,  m - l , n + l ,  . . .  , p  f o r  m a n d  n s u c h  t h a t  n - m = q = l ,  

b u t  ( 1 , 2 , 4 )  f a i l s  t o  y i e l d  u. The p a r t i t i o n s  (1,3,3) a n d  

( 1 , 4 , 2 )  s a t i s f y  b o t h  c o n d i t i o n s .  

- 
I n  t h e o r e m  1.2.7 a n d  t h e  two  lemmas  f o l l o w i n g  i t  IT 

d e s i g n a t e s  a p a r t i t i o n  o f  t h e  t y p e  w h o s e  e x i s t e n c e  i s  p r o v e d  

i n  t h e o r e m  1 . 2 . 6 .  

T h e o r e m  1 . 2 . 7  T h e r e  e x i s t s  a p a r t i t i o n  fi s u c h  t h a t  

I X ~ - X ~ + ~  I <1 f o r  i = m , .  . . , n - l .  
- -  

- 

The t h e o r e m  i s  i m p l i e d  b y  t h e  n e x t  t h r e e  l e m m a s .  

L e m m a  1 . 2 . 8  If  i n  G ,  2<m - a n d  n < p - 1 ,  -. t h e n  l X i - Z i + l l < l  _-  f o r  

i = m ,  . . . , n - 1 .  

P r o o f .  L e t  n b e  s u c h  t h a t  x i = l  f o r  i = l , . . .  , m - l , n + l , . . .  , p  

f o r  some m a n d  n s u c h  t h a t  n-m=q. But aSSUn;e I x k - x k + l l l 2  

f o r  some k, m < k < n - l .  We show ;I# 7 ( n ) .  

C a s e  1 x k - x k + l > 2 .  By lemma 1 . 2 . 2 ,  3 ( ~ < < k + l , k > ) - 5 ( 1 ~ ) =  

- -  

k 
k - 1 '  - > 1  -~ 1 X i . . . X i + q + X k + * . . . X  k + l - q - x k - q  . * . x  

X k x k + l  k + l - q  

I f  k - q c l ,  t h e n  Xk.q...xk-l=O. Hence  



I -  

k + l - q *  ' *x k + l  + X k + 2 - q " ' x k + 2  - X 

x x  k - q '  ' * x  k - 1  k k + l  x x  k k + l  

> O ,  b e c a u s e  k + 2 < p .  

I n  e i t h e r  c a s e  p>o ( I r c k t l  , k > )  >5 ( ' r r )  . 
- 

- 

HerLce p # a ( ~ r ) .  T h i s  i m p l i e s  t h e  lemma.  

Case 2 x k+ l -xk12 .  The a r g u m e n t  i s  d u a l  t o  c a s e  1 

it  i s  c m i t t e d .  [ 

Helice 

L e m m a  1 . 2 . 9  If i n  e i t h e r  m = l  or n = p  ( b u t  n o t  b o t h ) ,  t h e n  

t h e r e  e x i s t s  a p a r t i t i o n  ?i' s u c h  t h a t  lz;-Zi+1121 I f o r  

i = m , .  . . , n - l .  

P r o o f .  The  p r o o f  i s  b r o k e n  i n t o  t w o  s y m m e t r i c  c a s e s .  

C a s e  1 m>2 a n d  n = p .  I f '  m<p-2 ,  t h e n  u s i n g  t h e  same a r g u m e n t  

as  i n  lemma 1.2.8 i t  c a n  b e  e s t a b l i s h e d  t h a t  l z i - ~ i + ~ l ~ l  

for i = m , .  . . , p - 2 .  

- 

- 
Now a s s u m e  t h a t  ? p-l<?p. We show ~ # D ( I T )  , a c o n t r a -  

d i c t i o n .  From l e m m a  1 . 2 . 2 ,  o ( f < p - l , p > ) g ( E ) =  

H e n c e  u# 0 ( ' r r )  . T h i s  i m p l i e s  t h a t  i n  ;,E >^x . P-1- P 



Now we p r o v e  x <x + 2  i n  G. F o r  a s s u m e  I >; + 3 .  
P-1- P P-1- P 

We show p # o ( i ) .  By lemma 1 . 2 . 2 ,  $ ( ; < p , p - l > ) - O ( ; ) =  
I -  ,- 

S o  p#'3 ( F ) .  
i n  f .  

T h i s  c o n t r a d i c t i o n  e s t a b l i s h e s  t h a t  xp-12xp+2 

We h a v e  shown s o  f a r  t h a t  i n  ?i i t  i s  t r u e  t h a t  

a n d  X ~ - ~ - X  =0,1, o r  2 .  
- - - 

J x i - Z i + l l < l  f o r  i = m  , . . . ,  p - 2 ,  ~f - P 
- 

-;I =O o r  1 t h e  lemma i s  p r o v e d .  

~f x ~ - ~ - x ~ = ~ ,  l e t  ~ ' = r < p , p - l > .  

P - 1  P X 

- - - -  
Then b y  lemma 1 . 2 . 2 ,  

S o  p = C J ( ? ) s ( ? f ) .  Hence  p=g(?'). C o n s e q u e n t l y  i t  m u s t  b e  

t h a t  

p r o v e s  t h e  l e m m a  f o r  t h i s  c a s e .  

C a s e  2 m = l  a n d  nip-1. The p r o o f  i s  s y m m e t r i c  t o  c a s e  1; 

s o  i t  i s  n o t  g i v e n .  I 

- I  - t  I X ~ - X ~ + ~ ~ -  <1 for i = m  , . . . ,  p - 2 .  And IXL-l-xbl=O<l. - T h i s  

- 
I n  t h e  e x a m p l e  g i v e n  e a r l i e r ,  t h e  p a r t i t i o n  1 ~ = ( 1 , 4 , 2 )  

i s  a n  e x a m p l e  o f  a p a r t i t i o n  f o r  w h i c h  i t  i s  a c t u a l l y  

n e c e s s a r y  t o  c a r r y  o u t  t h e  c o n s t r u c t i o n  i n  t h e  p r o o f  a b o v e  

t o  o b t a i n  t h e  p a r t i t i o n  7T '= (1 ,3  , 3 )  
- 



L e m m a  1 . 2 . 1 0  

i , j  s u c h  t h a t  p - q < i , j c l + q .  

If ~ = G ( I T )  a n d  p < 1 + 2 q ,  t h e n  I x i - x j l z l  f o r  all - 

- 

I -  
P r o o f .  L e t  IT b e  s u c h  t h a t  x k - x h l 2  for some h a n d  k i n  t h e  

r a n g e  p - q < h , k < l + q .  We show p#a (n) . 
Case 1 k < h .  By lemma 1 . 2 . 1 ,  a ( n < h , k > ) d ( n ) =  

- - 

k h h - q - 1  

i + q  
x k - x h - 1  

XhXk h-q  Xh k + l  

5' ' X l + q  > 
XhXk 

- 

So  pf  IT). T h i s  p r o v e s  t h e  l e m m a  f o r  t h i s  c a s e .  

Case 2 h < k .  The p r o o f  i s  n o t  g i v e n ,  for i t  i s  d u a l  t o  c a s e  1.1 

A s p e c i a l  c a s e  o f  lemma 1 . 2 . 1 0  i s  t h e  c a s e  m=l a n d  

n = p  i n  t h e  p a r t i t i o n  o f  t h e o r e m  1 . 2 . 7 .  I n  t h i s  c a s e  

I%i-%j/<lfor - l = p - q c i , j l l + q = p .  T h i s  s p e c i a l  c a s e  a n d  lemmas 

1 . 2 . 8  a n d  1 . 2 . 9  g i v e  u s  i m m e d i a t e l y  t h e o r e m  1 . 2 . 7 .  

The  n e x t  four l e m m a s  a r e  p r e p a r a t o r y  for t h e  n e x t  ma in  

r e s u l t ,  t h e o r e m  1 . 2 . 1 5 .  

L e m m a  1 . 2 . 1 1  L e t  p < 1 + 2 q .  - L e t  ITEII a n d  ITIEII b e  s u c h  t h a t  

/ i s  a p e r m u t a t i o n  of (x p-q  Y 9 
( x p - q Y . . . Y x l + q )  I * ¶ a n d  

x'.=x for i= l ,  . . .  , p - q - l , 2 + q  , . . . ,  p .  Then 3 ( 1 ~ ' ) = 3 ( ' l T ) .  i i  



l -  
1 

I. 
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P r o o f .  

n - n  
I I I I I 

X 
t 

= x  p - q '  * * q + q  = 1 x i . .  . x' p - 9 - 1  2 + q * a ' x i + q  i=l 

0 P - 9  , 
= 1 x i . . . x i + q  

i=l  

Lemma 1 . 2 . 1 2  

x > . . . > x  . 
P-9- - P 

If p = a ( ? ~ )  a n d  1 + 2 q < p ,  t h e n  x < . . . ( . x ~ + ~  a n d  - 1- 

P r o o f .  Assume t h a t  X k > x k + l  f o r  some k i n  t h e  r a n g e  l < k < q .  - -  

We show ~ p a ( ? ~ ) .  B y  l e m m a  1 . 2 . 2 ,  c r ( n < k + l , k > ) q ( n . ) =  

k 
1 k - 1  . . . x  x i .  . . Xi+q+xk+2.  . . x k + l + q V x k - q  

Xk-xk+l- l  
X k x k + l  i = k + l - q  

> X  . . x  - k + 2 '  k + l + q  

> o .  

So  p # r ~ ( n ) .  T h i s  e s t a b l i s h e s  t h a t  i f  p=5(7Tr),  t h e n  X < - - - _ < _ X l + q -  1- 

A s i m i l a r  a r g u m e n t  p r o v e s  t h a t  x > .  . . > x  . I 
P-9- - P  

L e m m a  1 . 2 . 1 3  I f  P W ( ? T )  a n d  p < l + 2 q ,  t h e n  x l < . * . < x  a n d  - - - P - 9  

xl+L>."' * > x p  - 

P r o o f .  The  p r o o f  i s  i n  t h e  same s p i r i t  as  t h e  p r o o f  o f  

l e m m a  2 . 2 . 1 2 .  s o  w e  o m i t  i t .  I 
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l -  

I 
I -  

- 

L e m m a  1 . 2 . 1 4  L e t  p < 1 + 2 q .  If  ~ - T ( I T )  t h e n  

( i )  x i L x  f o r  i=l ,  . . . , p - q -  1 a n d  j = p - q  y . . . , l + q ,  

( i i )  x j 2 x i  f o r  i = 2 + q  ,..., p a n d  j = p - q  ,... , l + q .  

- 

j 

P r o o f  o f  ( i ) .  

i n  t h e  r a n g e s  l < k < p - q - l  a n d  p - q < h < l + q .  We show V # O ( I T ) .  

L e t  IT b e  s u c h  t h a t  x > x h  f o r  some h a n d  k k 

- -  - -  

By l e m m a  1 . 2 . 1 ,  ~ ( I T < ~ , ~ > ) G ( I T ) =  

x i '  * ' x i + q  

Xk-xh- l  k h 

i + q +  - 1 x i . . . x  i + q -  - 1 x i . . . x  
XhXk h-q Xh k + l  

h 
1 1 x i . . . x  >- i + q  -Xh k + l  

X p 9  . . . x  
> 

h X 

> O .  

A s i m i l a r  a r g u m e n t  e s t a b l i s h e s  ( i i )  .I 

For r e f e r e n c e  i n  t h e  n e x t  t w o  t h e o r e m s  we s t a t e  f i v e  

c o n d i t i o n s  for p a r t i t i o n s  i n  II. 

(1) U = a ( I T ) .  

( 2 )  

( 3 )  I x i - x i + l l -  <1 for i = m , . . . y n - l .  

x i = l  f o r  i = l ,  . . . ,  m - 1 , n + l y . . . , p ,  w h e r e  n-m=q. 

f o r  some c y  m < c < n .  - -  ( 4) x&. . . < x c l .  . . L X n  - 

( 5 )  I x i - x  1<2 for i = m  , . . . ,  n a n d  j = m  ,..., n .  j -  

T h e o r e m s  1 . 2 . 6  a n d  1.2.7 g u a r a n t e e  t h e  e x i s t e n c e  o f  a 

IT s a t i s f y i n g  (1)-(3). We show n e x t  t h e r e  i s  a IT s a t i s f y i n g  

( 1 ) - ( 4 )  0 

T h e o r e m  1 . 2 . 1 5  T h e r e  i s  a p a r t i t i o n  n&II s a t i s f y i n g  ( 1 ) - ( 4 ) .  
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P r o o f .  We c o n s i d e r  t w o  ma in  c a s e s ,  p < 1 + 2 q  a n d  p > 1 + 2 q .  

The  c a s e  p < 1 + 2 q  i s  f u r t h e r  d i v i d e d  i n t o  s u b c a s e s .  

- - 

- 

l -  

C a s e  1 p<1+2q .  T h r o u g h o u t  t h i s  c a s e  IT i s  a p a r t i t i o n  

s a t i s f y i n g  (1) a n d  ( 2 ) .  

C a s e  l a  m = 1 ,  n = p .  D e f i n e  I T '  b y  p e r m u t i n g  x l , . . .  , x  s o  

t h a t  x'< ..<x > . . . > x  f o r  some c ,  l < c < p .  By lemma 1 . 2 . 1 1  

o ( I T ' ) = ~ ( I T ) = ~ .  Now -IT' s a t i s f i e s  ( 2 )  v a c u o u s l y .  By l e m m a  

1 . 2 . 1 0 ,  I T '  s a t i s f i e s  ( 3 ) .  

P 
I 0 

- -  C- - P  1 - m  - 

Case l b  m = l  o r  n = p ,  b u t  n o t  b o t h .  We c o n s i d e r  f i r s t  t h e  

c a s e  m = l  a n d  n < p - 1 .  - 

L e t  IT s a t i s f y  ( 1 ) - ( 3 ) .  Now d e f i n e  I T '  by  p e r m u t i n g  

/ a n d  by  l e t t i n g  x [=x i  s o  t h a t  x' <...<x p-q  * * * .  eX1+q p-q- - l + q  X 

f o r  i=l ,  . . . , p - q -  1 , 2 + q ,  . . . , p .  We show I T '  i s  t h e  d e s i r e d  

p a r t i t i o n ,  

By l e m m a  1 . 2 . 1 1 ,  O ( T ' ) = O ( T ) = L I .  And b y  d e f i n i t i o n  

X . = X  =1 f o r  i = 2 + q  , . . . ,  p .  S o  T '  s a t i s f i e s  (1) a n d  ( 2 ) .  

by  l e m m a  1 . 2 . 1 3  a n d  x ~ - ~ L . . . < x  - l + q  
/ /  / /  / 

b y  d e f i n i t i o n  o f  n ' .  S o  f o r  c = l + q ,  X ~ = X ~ < . . . < X ~ = X ~ + ~ = X ~ ,  - - 

i . e .  ( 4 )  i s  t r u e  i n  IT'. 

0 

i i  
1 I 0 / 

Now xl<. . . <x - P-9  - 

/ /  
F i n a l l y ,  f o r  i = l , .  . . , p - 9 - 2 ,  I X ~ - X ~ + ~ ~ = ~ X ~ - X ~ + ~ ~ ( ~ .  

/ /  
And f o r  i = p - q , . . . , q , l ~ ~ - x ~ + ~ ( ( 1  b y  l e m m a  1 . 2 . 1 0 .  N o w  

/ 

p - q-  1LXp - q- 1 X 

<X '  by  lemma 1 . 2 . 1 4 ,  - P - 9 '  

< X  - P-9 '  
/ 0 

s o  f r o m  I xp-q - l -xp -q  I _  <1 i t  follows t h a t  

S O  I T '  s a t i s f i e s  ( 3 ) .  

I X ~ - ~ - ~ - X P - ~ ( < ~ -  - 



21 

I f  IT s a t i s f i e s  (1)-(3) a n d  m > 2 ,  n = p ,  t h e n  ;; s a t i s f i e s  - 
(1)-(3) a l s o ,  a n d  t h e  a b o v e  p r o o f  c a n  be  a p p l i e d  t o  G. 
Case IC  m22,  nSp-1 .  D e f i n e  I T '  b y  p e r m u t i n g  x p - q ,  ** ,Xl+q 

S O  t h a t  X ~ - ~ ( " . < X ~ ) . . . ) X ~ + ~  I t a n d  s u c h  t h a t  x i = x i  I f o r  - 
i= l , . .  . , p - q - l , 2 + q , . .  . , p .  By l e m m a  1 . 2 . 1 1 ,  S ( I T ' ) = ~ ( I T ) = ~ .  

BY l e m m a  1 . 2 . 1 3 ,  / f / / 
X ~ ' . . . ' X ~ - ~  a n d  X ~ + ~ ? . . . > X ~ .  - s o  

/ / / I 
m- - -  - x < . . . < x c > . . . > x n  i n  IT'. B e c a u s e  x i = x i  f o r  

i = l , . .  . , p - q - l , 2 + q , .  . . , p  ( a n d  h e n c e  f o r  i = l , . .  . ,m- l ,n+ l , .  . . , p ) ,  

t 
w e  h a v e  x . = x  =1 f o r  i= l , .  . . , m - l , n + l , .  . . , p .  C o n s e q u e n t l y ,  

7 ~ '  s a t i s f i e s  ( 2 ) .  F i n a l l y ,  T '  s a t i s f i e s  ( 3 )  b y  lemma 1 . 2 . 8 .  

i i  

W e  n o t e  t h a t  i n  c a s e s  l a - l e ,  i t  i s  p o s s i b l e  t o  c h o o s e  

c s o  t h a t  l + q < c .  - 
Case 2 p 1 1 + 2 q .  L e t  IT s a t i s f y  (1)-(3). T o  a v o i d  t h e  t r i v i a l  

c a s e s ,  a s s u m e  m > l ,  n < p ,  a n d  a s s u m e  t h a t  t h e r e  a r e  t w o  n o n -  

a d j  a c e n t  n o n - o n e s  i n  x,, . . . ,x,. 
F o r  i = m ,  . . .  , n - l ,  d e f i n e  G i  by  

F o r  m l i i n - 2 ,  

@ i + l - G i = X  i + l - q '  . . x i -x  i + 3 *  * *x i + ~ + q - ~ i - q  . . . x i - l + x i + 2 . . . x  i + l + q  
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l -  
L e t  r b e  s u c h  t h a t  $ r < O  a n d  $r+120. L e t  s b e  s u c h  

t h a t  $s,lLO a n d  Q S > O .  Then m < r < s < n .  - - 

We now show t h a t  x~L...Lx~+~. For a s s u m e  t h a t  for 

Some f i x e d  k ,  mzk'r, i t  i s  t r u e  t h a t  X k > x k + l .  

x = x  +1 b e c a u s e  n s a t i s f i e s  ( 3 ) .  

T h e n  by  lemma 1 . 2 . 2 ,  a ( ~ ~ < k + l , k > ) + ~ ( ~ ) =  

Then  

k k + l  

So  ~ # c J ( I T ) .  B u t  t h i s  c o n t r a d i c t s  t h e  c h o i c e  o f  IT. S o  

XmL...zXr+l. 
A s i m i l a r  a r g u m e n t  p r o v e s  t h a t  xs)_. . . > x n .  

N e x t  we show t h a t  $ i = O  f o r  a t  m o s t  o n e  Qi i n  t h e  

- 

? 

s e q u e n c e  $m,. . . Assume now t h a t  $ . = O .  K e c e s s a r i l y  

$ j - q *  j -1  a n d  x j + 2 . * * x  j+l+q 

v a n i s h i n g  a n d  e q u a l .  If x . . .  x a n d  x ~ + ~ .  . . x ~ + ~ + ~  

b o t h  v a n i s h ,  i t  f o l l o w s  t h a t  p < 2 q ,  w h i c h  i s  n o t  u n d e r  c o n -  

s i d e r a t i o n .  T h e r e f o r e  i t  mus t  b e  t h a t  x . . .  x 

x j + 2 * * * x  j + l + q  

J 

b o t h  v a n i s h  or b o t h  a r e  non-  

j -9 j -1 

- 
a n  d 

j -9 j -1 

a r e  e q u a l  a n d  n o n v a n i s h i n g .  
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Assume f u r t h e r  t h a t  $ j + l = O .  Then  

x j  x j - q . .  . X  - x j + 2 + q  x j + 2 . .  . x j + l + q  
j - 1  x ~ + ~  

j -9  X 

=xj - X j + 2 + ~  

X J -9 x j + 2  

j X j + 2  
C o n s e q u e n t l y  x j = x j + 2 = l .  

1 = x  - -. 

If o n l y  @ j  a n d  $j+l v a n i s h ,  t h e n  

xmL . . . L  x j  = l = x j +  & . . . L  x n .  S o  o n l y  x j + l  i s  a n o n - o n e ,  

c o n t r a d i c t i n g  t h e  c h o i c e  o f  IT as  c o n t a i n i n g  t w o  n o n - o n e s .  

I f  t h e r e  a r e  t h r e e  or m o r e  e l e m e n t s  i n  @ m y . .  . ,@n-l w h i c h  

v a n i s h ,  a s i m i l a r  a r g u m e n t  p r o v e s  t h a t  %=. . . = x n = l ,  a g a i n  

a c o n t r a d i c t i o n .  

Thus  w e  h a v e  s < r + 2 ,  - a n d  xmL..  . L x r + l  ,xr+2'. . .Fxn  

L e t  xc=max ( X ~ + ~ , X ~ + ~ ) .  Then xmL ...I x c 2  . . . L  x n .  I 

T h e o r e m  1 . 2 . 1 6  I f  IT s a t i s f i e s  (1)-(4), t h e n  IT s a t i s f i e s  

( 5 )  a l s o .  

P r o o f .  L e t  IT s a t i s f y  ( 2 ) - ( 4 )  b u t  n o t  ( 5 ) .  We show 

P f a  (IT). 

Assume w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  x m Z x n y  f o r  o t h e r -  
.. ,. 

w i s e  t h e  f o l l o w i n g  p r o o f  c a n  b e  a p p l i e d  t o  IT. Now d e f i n e  h 

a n d  k b y  

xi=xm f o r  i = m , .  . . , h  and  X h + l # x m ;  

Xk'xh+3 a n d  x . < x h + 3  f o r  i = k + l , .  , . , n .  
1 

We n o t e  t h a t  h < c < k  - a n d  t h a t  x i > x h  f o r  i = h + l , .  . . , k - l .  



'.. 

B y  lemma 1 . 2 . 1 ,  cr [ n < h  , k 7  1 -a ( I T )  = 

h - l k  1 xi. . . x i + q + x  k-f-lxi .  , . xi+q-  '1 x i . .  . x i + q  
xk -xh-1  

X h X k  k-q h h - q  Xk h + l  

k 

- > O ,  b e c a u s e  x i>xh  f o r  i = h + l ,  . . . ,  k-1. Thus  

X k X k .  . . x n  h + l " ' x n  - > 3 1 x i .  
Xk Xk h + 2  Xk 

k 

i + q '  
Xk h + 2  

k k 1 

Xk h+l Xk Xk h+2 
S o  now - 1 x i . .  . X  = X h + l '  "Xn  +1 

i + q  - - 1 x i . .  a X i + q  
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U s i n g  t h e s e  r e s u l t s  i n  o - ( . ~ ~ ' ) c c r C l ~ )  g i v e s  f i n a l l y  

a ( l T ' ) - a ( ~ ) > * x h + l . . . x n  - - -  1 1 x i . .  o x i + q  

k 

Xk Xk h t l  

For r e f e r e n c e  t h r o u g h  t h e o r e m  1 . 2 . 1 9 ,  we s t a t e  some 

c o n d i t i o n s  f o r  p a r t i t i o n s  i n  I T .  

(1) l l=a( lT) .  

( 2 )  

( 3 )  I x i - x i t l l ~ l  f o r  i = r n , . . . , n - l  a n d  

x =1 for i= l ,  . . . ,  m - l , n t l , . . . ,  p ,  w h e r e  n-m=q.  i 

l x i - x  152 f o r  m c i , j z n .  

x m z  ...z x > . . . ? x n  for some c ,  l t q c c < n .  

j 

(4) C- - 

( 5 )  2(xm(xn. 

(6) x l . . . x  < x  . . .  x . 
9 P-9  P 

A p a r t i t i o n  s a t i s f y i n g  (1)-(6) i s  d e n o t e d  b y  7 .  

F u r t h e r m o r e ,  i f  s a t i s f i e s  ( 2 ) - (  6), t h e  n u m b e r s  

If x i # x j  f o r  some r , s ,  a n d  t a r e  d e f i n e d  a s  f o l l o w s :  

i a n d  j m'i , j z n ,  t h e n  r i s  s u c h  t h a t  

x - = x m  for i = m , .  . . ,r a n d  ~ ~ + ~ = x ~ f l .  1 

I f  ~ x i - x . ~ ~ l  for some i a n d  j ,  m < i , j ( n ,  s a n d  t a r e  s u c h  t h a t  - J 

x = x m + l  f o r  i = r + l  ,.. . ,s a n d  X ~ + ~ = X ~ + ~ .  

t + l f x m + 2 '  x = x  + 2  for i = s + l , .  . . , t  a n d  x 

i 

i m  

The r e q u i r e m e n t  xmLxn i s  a c t u a l l y  n o  r e a l  r e s t r i c t i o n  ~ 

A 

f o r  o t h e r w i s e  IT c a n  b e  c o n s i d e r e d .  H o w e v e r ,  2Lx, i s  a 
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I -  

d e f i n i t e  r e s t r i c t i o n .  We t r e a t  s e p a r a t e l y  t h e  s p e c i a l  c a s e  

i n  w h i c h  some of t h e  n u m b e r s  x m , . . . , x n  a r e  o n e ,  a n d  for 

t h e  n e x t  s e v e r a l  t h e o r e m s  w e  a s s u m e  x iL2 f o r  i = m , *  , n .  

I n  (4) t h e  s e 1 e c i ; i o n  o f  c i n  t h e  r u g e  l + q  <ccn - -- 
i s  p o s s i b l e ,  as  n o t e d  a t  t h e  e n d  o f  c a s e  1, t h e o r e m  1 . 2 . 1 5 .  

The s i g n i f i c a n c e  o f  t h i s  c h o i c e  for c i s  t h a t  i f  f x i - x . I >  1 
J 

for. some i e n d  j ,  m z i , j z n ,  t h e n  l + q l c c t .  

To a s s e r t  t h e  e x i s t e n c e  o f  a p a r t i t i o n  5 ,  we now n e e d  

o n l y  p r o v e  w e  c a n  c o n s t r u c t  a p a r t i t i o n  s a t i s f y i n g  (1)-(6) 

f r o m  o n e  s a t i s f y i n g  ( l ) - ( 5 ) .  T h i s  w e  d o  i n  t h e  n e x t  lemma.  

L e m m a  1.2.17 If T s a t i s f i e s  ( 1 ) - ( 5 ) ,  t h e n  t h e r e  e x i s t s  a 

T '  s a t i s f y i n g  (1)-(6). 

Proof. If p = q + l ,  t h e  l e m m a  i s  t r i v i a l l y  t r u e .  S o  a s s u m e  

t h a t  p > q + l .  Assume now t h a t  i n  T ,  x l . . . x  > x  . . .  x . 
9-- P-9  P 

T h e n  i t  m u s t  b e  t r u e  t h a t  n c p  a n d  x p = l .  

By l e m m a  1 . 2 . 4 ,  

. . . x  
P = x l . .  . x  -x 

9 P-9  

>O. - 
s o  u=Cs(%) .  

The  s e q u e n c e  x m ,  . . . ,  xn i s  u n t o u c h e d  i n  'if e x c e p t  f o r  a 

s h i f t  t o  t h e  r i g h t ;  s o  i t  i s  i m m e d i a t e  t h a t  ( 2 ) - ( 5 )  h o l d  i n  . 
-b 
Tr. 

A s u f f i c i e n t  number  o f  r e p e t i t i o n s  o f  t h i s  s h i f t i n g  t o  

t h e  r i g h t  w i l l  p r o d u c e  a T '  s a t i s f y i n g  ( 1 ) - ( 5 ) ,  a n d  s u c h  
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/ I I /  t h a t  x l . .  . x  < x  . . x p ,  i f  f o r  n o  o t h e r  r e a s o n  t h a n  t h a t  9 P - 9 '  

( x m , .  . . , x n )  w i l l  e v e n t u a l l y  b e  s h i f t e d  t o  t h e  p o s i t i o n  

X p - 9 . . . x p ,  i n  w h i c h  c a s e  x/p=xn22 a n d  1 C p - q  g u a r a n t e e  t h a t  I 0 

t I f  

x 1 . .  . x  9 < x  P - 9 '  ..x;. 1 

The n e x t  g o a l  i s  t o  p r o d u c e  a p a r t i t i o n  f s u c h  t h a t  
- -  

I X i - x j l z l  f o r  a l l  i a n d  j i n  t h e  r a n g e  m _ < i , j c n .  U n f o r t u -  

n a t e l y ,  t h e r e  a r e  p a r t i t i o n s  s a t i s f y i n g  ( 1 ) - ( 6 )  i n  w h i c h  

t h i s c o n d i t i o n  f a i l s .  We g i v e  a n  e x a m p l e  o f  o n e  a f t e r  t h e  

n e x t  l e m m a ,  w h i c h  s t a t e s  s e v e r a l  s u f f i c i e n t  c o n d i t i o n s  f o r  

I x i - x . l < l .  
J -  

Lemma 1 . 2 . 1 8  Assume t h a t  i n  

i n  t h e  r a n g e  m L i , j z n .  Then  

1=2 for some i a n d  j 
j 

( i i )  r = m .  

( i i i )  l + q = t .  

P r o o f .  From l e m m a  1 . 2 . 1 0  t h e  l e m m a  i s  v a c u o u s l y  t r u e  i f  

p = q + l .  S o  a s s u m e  w i t h o u t  loss o f  g e n e r a l i t y  t h a t  p > l + q .  

T h r o u g h o u t  t h i s  p r o o f  T i s  a p a r t i t i o n  s a t i s f y i n g  

( 2 ) - ( 6 )  a n d  Ix i -x  1=2 f o r  some i a n d  j i n  t h e  r a n g e  

m < i  - , j L n .  

By l e m m a  1 . 2 . 1 ,  a ( . r r < r , t > ) - a ( ~ ) =  

j 

xi 1 1 x i . . .  x i + q  
Xt r+l 

1 X i ' .  . x i + q +  * -xi+9--  
r 

x t - x r - l  

x x  r t t - 9  x r  r - q  

x r + l  x r + i *  * Sxn + -  .-.- 3 

Xt 1- 

r 
1 x i . .  . x i + q  1 >- 

x x  r t t - q  xr r - q  

as  i n  lemma 1 . 2 . 1 6 .  
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Proof of (i). Assume that xm=xn. We show u # o ( n ) .  For 

o (n<r,t>)-o- ( . n )  > 
I -  , -  

=O. 

P r o o f  of (ii). Assume r>m. We show p # u ( n ) .  

= 0. 

Proof of (iii). From condition (4), l+q<t. Assume that 

l + q < t .  From (i), xi=xr+l f o r  i=t+l, . . . ,  n. We show 

-. 

! J * ( T ) .  



x r + l  x r + l '  . . x  n - - .  
xr Xt 

We p r e s e n t  t h e  f o l l o w i n g  e x a m p l e  t o  show t h a t  lemma 

1 . 2 . 1 8  i s  n o t  v a c u o u s .    et ~ = 1 9 ,  p = 8 ,  a n d  q = 4 .  I t  t u r n s  

o u t  t h a t  p = 5 7 6 .  L e t  b e  g i v e n  by  5 = ( 1 , 2 , 3 , 4 , 4 , 3 , 1 , 1 ) .  

T h e n  ? s a t i s f i e s  ( 1 ) - ( 6 ) .  But  I X i - Z . ( = 2  J f o r  i = 2 ,  j = 5 .  

N e c e s s a r i l y  ! also s a t i s f i e s  ( i ) - ( i i i )  o f  lemma 1 . 2 . 1 8 .  

The  par t i t ion % '  p r o d u c e d  i n  t h e  n e x t  t h e o r e m  is 

! ' = ( 1 , 3 , 3 , 4 , 3 , 3 , 1 , 1 ) .  

T h e o r e m  1 . 2 . 1 9  T h e r e  e x i s t s  a p a r t i t i o n  G '  s u c h  t h a t  

\ ~ ~ - ~ ' . l < l f o r  a l l  i a n d  j i n  t h e  r a n g e  m < i , j t n .  - 
J -  

Proof. L e t  5 b e  s u c h  t h a t  1=2 f o r  some i a n d  j ,  

m < i , j l n .  - L e t  ! ' = ? < m , t > .  E v i d e n t l y ,  E '  s a t i s f i e s  (2)-(6). 

j 

From lemma 1 . 2 . 1 8 ,  I X i - R  \ = 2  o n l y  when i = m .  S o  i n  
j 

1 - /  
? ? I ,  Ix.-x.l<l f o r  a l l  i a n d  j ,  m < i , j L n .  - To c o m p l e t e  t h e  

1 J -  

p r o o f  we show ~ = 3 ( ? ' ) .  

We now p r o v e  m>p-n - i n  t h r e e  c a s e s .  

Case 1 p - q L s .  



- < z  p - q '  * . x p  

= (X,+l) ( x,+2 1 (x,+l) . s - p + q + l  - t - s - 1  - n - t  

- s - p + q + l + n - t  H e n c e  Y , ( x , + l ) s - m  < ( X m + l )  

s o  TZm+s-m < s - p + q + l + n - t .  (1.s ,Xm+q ) 
Con s e q u e n t  ly m > p - q - 1 - n + t .  

B e c a u r , c  t - q - l = O ,  m > p - n .  



m M - - - 1 - -  - =A 1 x i . . . x i + q  - x i . . . x i + q  
x m x t  t - q  Xt m + l  

- M -  - 
n - m - i + l '  * . x n  x i . .  xn "57  = c  - - c 7- 

i = m + l  *t t X i=t  
- n + m - t + l  Ti.. . Z n  M z i  . . .  x n  - - c Rt- c X t  i = m + l  

- - 
i = m + l  

= 0. 

H e n c e  p-3 

Use o f  mlp-n  i s  made i n  t h e  s i x t h  s t e p  t o  p r o v e  

n + m - t + l  - > p-q  - > ~ . i  

F o r  r e f e r e n c e  t h r o u g h  t h e o r e m  1 . 2 . 2 2 ,  w e  s t a t e  some 

c o n d i t i o n s  f o r  p a r t i t i o n s  i n n  . 
( a )  U = O ( T T ) .  

( b )  x =1 f o r  i = l , .  . .  , m - l , n + l , .  . . : p ,  w h e r e  n-m=q. 

( c )  

i 

If x i # x j  f o r  some i and  j ,  mci , j z n ,  t h e n  t h e r e  a r e  

n u m b e r s  r a n d  s ,  ml r l s ' n ,  s u c h  t h a t  xi=A for 

i = m , .  . . ,r-1 ,s+l,. . . , n ,  a n d  x i = A + l  f o r  i = r  , . . . ,s . 
( d )  25A. 

T h e  number  A i n  ( c )  a n d  ( d )  is d e f i n e d  t o  b e  A = m i n ( x m , x n ) .  

A p a r t i t i o n  s a t i s f y i n g  ( a ) - ( d )  i s  d e n o t e d  5 .  We c o n t i n u e  
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t o  d e f e r  t h e  c a s e  w h e r e  some o f  x m , . . . , x n  a r e  o n e .  The  

f i n a l  g o a l  b e f o r e  c o m p u t i n g  p i s  t o  p r o v e  s t r i n g e n t  r e -  

s t r i c t i o n s  on t h e  p o s i t i o n s  o f  m , n , r ,  a n d  s .  We a c c o m p l i s h  

t h i s  i n  t h e  n e x t  t w o  t h e o r e m s .  

L e m m a  1 . 2 . 2 0 .  I n  5 o n e  o f  t h e  f o l l o w i n g  i s  t r u e :  

( i )  m c l + q  a n d  n > p - q .  - 

( i i )  m l l + q  a n d  n < p - q .  - 

P r o o f  I f  p < 1 + 2 q ,  t h e n  m < p - q < l + q < n  a n d  ( i )  i s  t r u e .  

S o  a s s u m e  w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  p > 1 + 2 q .  

- - - - 

L e t  TT s a t i s f y  ( b ) - ( d ) ,  b u t  a s s u m e  m < l + q  a n d  n < p - q .  

We show p f a ( n ) .  

By l e m m a  1 . 2 . 4 ,  

+ 
a(.rr)-cr( .rr)=x x . . x  - x  . . .x 

P 1' 9 P-9  P 

L X m - l  

> o .  

H e n c e  p # o ! n ) .  

Thus  i n  7 ,  i f  m < l + q ,  t h e n  n i p - q ,  i . e .  ( i )  i s  t r u e .  A 

s i m i l a r  a r g u m e n t  e s t a b l i s h e s  t h a t  i n  G, i f  m > l + q  t h e n  ( i i )  

i s  s a t i s f i e d .  

- -  
T h e o r e m  1 . 2 . 2 1  I f  i n  7 ,  x i = x m  f o r  i = m  , . . . ,  n ,  t h e n  t h e r e  

i s  a 5 '  s u c h  t h a t  i n  ? ' ,  ( m t n ) - ( l + p ) = O  or 1. 

P r o o f .  

Case 1 m l l + q  a n d  n 2 p - q  . Assume w i t h o u t  loss o f  g e n e r a l i t y  

t h a t  p > l + q  a n d  t h a t  m > l .  Le t  TT s a t i s f y  ( b ) - ( d ) ,  b u t  a s s u m e  



H e n c e  p#o ( I T ) .  

33 

t h a t  ( m + n ) - ( l + p ) > 2 .  - We show p + ( ~ ) .  

From l e m m a  1 . 2 . 4 ,  

a ( ? f ) - a ( I T ) = x p x l . .  ' x q - x p - q . .  . x p  

- > A l + q - m - A n - ( p - q ) + l  

>O. 

so i n  I T ,  f m + n ) - ( l + p ) < l .  - A s i m i l a r  a r g u m e n t  e s t a b l i s h e s  

t h a t  ( m + n ) - ( l + p ) l - l .  S o  t h e  c o n c l u s i o n  h o l d s  i n  e i t h e r  71 

or T .  

Case 2 m > l + q  a n d  nip-q . I n  t h i s  c a s e  b o t h  a( T I 4  ( T )  a n d  

C J ( * ) + ( T )  v a n i s h .  S o  t h e  s e q u e n c e  x m ,  . . . ,  x n  c a n  b e  s h i f t e d  

t o  t h e  r e q u i r e d  p o s i t i o n  t o  p r o d u c e  F '  

h 

+ 

i n  w h i c h  p = J ( T f ' ) .  

Lemma 1 . 2 . 2 0  g u a r a n t e e s  t h a t  t h e  t w o  c a s e s  a r e  e x h a u s t i v e .  1 
T h e o r e m  1 . 2 . 2 2  T h e r e  e x i s t s  a 7 '  s a t i s f y i n g  

(i) ( m + n ) - ( l + p ) = ~  o r  1 

( i i )  ( r + s ) - ( l + p ) = O  o r  1 

P r o o f .  W e  c o n s i d e r  t w o  m a i n  c a s e s :  l + q < _ m ,  ndp-q  - a n d  

m c l + q ,  p-qLn.  T h e s e  a r e  e x h a u s t i v e  i n  l i g h t  o f  lemma 1 . 2 . 2 0 .  

Case 1 l + q l m ,  n l p - q  . We e s t a b l i s h  ( i )  by  t h e  same a r g u m e n t  

as  i n  c a s e  2 ,  t h e o r e m  1 . 2 . 2 1 .  

Assume ( r + s ) - ( l + p ) , 2 .  Now f r o m  l e m m a  1 . 2 . 1 ,  

=O o n l y  i f  ( m + n ) - ( l + p ) = l  a n d  ( r + s ) - ( l + p ) = 2 .  
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'. 

T h e r e f o r e ,  b y  s e l e c t i n g  i' t o  b e  ? or, i f  n e c e s s a r y ,  t o  b e  

- 
r < r - l , s > ,  w e  h a v e  ( i )  a n d  ( i i ) ,  I f  ( r + s ) - ( l + p ) c - l ,  a s i m i l a r  

a r g u m e n t  p r o v e s  t h e  same r e s u l t .  
I .- 

Case 2 m < l + q ,  p - q S n .  I f  p = l + q ,  a n  a p p r o p r i a t e  p e r m u t a t i o n  

makes  t h e  t h e o r e m  t r i v i a l .  

Assume now p = 2 + q .  W i t h o u t  loss o f  g e n e r a l i t y  a s s u m e  

m=2. T h e n  ( m + n ) - ( l + p ) = l  a n d  we h a v e  ( i ) .  

We show xn5z2. For i f  X n > X 2  t h e n  b y  lemma 1 . 2 . 4 ,  

- - - - X m . . . X n ( k 2  - L) 
En 

> O .  

T h i s  c o n t r a d i c t i o n  p r o v e s  t h a t  xn5-X2 i n  E .  

If t h e r e f o r e  s = n  t h e n  r = 2 ,  a n d  h e n c e  ( r + s ) - ( l + p ) = l .  

- I f  s < n ,  a n  a p p r o p r i a t e  p e r m u t a , t i o n  o f  X 2  ,.. . ,xPml w i l l  

p r o d u c e  Ti'  s a t i s f y i n g  ( i )  and  ( i i ) .  

Assume h e n c e f o r t h  t h a t  p > 3 + q .  - W e  show f i r s t  t h a t  n c p .  

F o r  i f  n = p ,  t h e n  b y  l e m m a  1 . 2 . 4 ,  

4- - - - -  
0 (Tr ) -Cr  ( f ) =  - x l . .  . x  l+q+"3-q+l' - P 1  

- - -  - 
L x m + l  . . .  xn-x  m . . . x n - 2  

m xm X n - l x n  

> O .  

T h i s  c o n t r a d i c t i o n  p r o v e s  n < p .  S i m i l a r l y  m>l. 

We n o t e  t h a t  i n  t h e  f o l l o w i n g  i n e q u a l i t i e s  h o l d :  

- -  - - 
x m .  . . xq<-xp-q. . . x n .  

I n d e e d ,  i f  e i t h e r  f a i l e d ,  lemma 1 . 2 . 4  a n d  Z 1 = Z p = l  w o u l d  
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g i v e  a n  i m m e d i a t e  c o n t r a d i c t i o n .  

Case 2 a  p < 1 + 2 q  From l e m m a  1 . 2 . 1 4  w e  h a v e  t h a t  o n e  o f  t h e  

f o l l o w i n g  i s  t r u e .  

r < p - q c l + q c s .  - 
- - - 

D i v i d i n g  t h e  e q u a t i o n s  ( * )  by x ~ - ~ + ~ . .  . x ~ + ~  a n d  p - q '  'Xq 

y i e l d s  

We s u b d i v i d e  c a s e  2 a  i n t o  t w o  more  c a s e s .  

Case 2 a l  p - q c r i s ~ l + q  From t h e  f i r s t  e q u a t i o n  i n  ( * * )  we g e t  

n - ( 2 + q ) + 1  < A P - q - m ( A + l ) .  T h e r e f o r e ,  A - 
n - ( 2 + q ) + l  - < p-q-m+ l o g A  ( A + 1 )  

- < p-q-m+l  

C o n s e q u e n t l y  ( n + m ) F ( l + p ) + l .  

I n  a s i m i l a r  m a n n e r ,  t h e  s e c o n d  e q u a t i o n  i n  ( * * )  g i v e s  

u s  ( l + p ) < ( n + m ) + l .  - T h e r e f o r e  i n  5, ] i m + n j - ( l + p )  /_<_I. s o  (i) 

i s  t r u e  i n  e i t h e r  5 o r  f .  An a p p r o p r i a t e  p e r m u t a t i o n  o f  
A 

- - 
X , . . . ,  x g i v e s  ( i i )  i m m e d i a t e l y .  

P - 9  l + q  

Case 2 a 2  r L p - q l l + q l s .  W e  f i r s t  p r o v e  ( i i ) .  S u p p o s e  

( r + s ) > ( p + l ) + 2 .  - Then  by  lemma 1 . 2 . 1 ,  a ( % r - l , s > ) i r ( ; ) =  

- 
- 1 - s-!-l- x i . .  . x i + q  - -- 
X r - 1  r - 1 - q  
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I C  

- - 
X 

+ l * * ' X n  ( (Zm+l )p -q - r+3  p - q - r + 3  - -1 - ( Zm+l ) + x m  - > p - q  
- 2  
xm 

T h i s  c o n t r a d i c t i o n  p r o v e s  r + s c ( p + l ) + l .  A s i m i l a r  d u a l  

a r g u m e n t  y i e l d s  ( p + l ) < ( r + s ) + l .  T h u s  l ( r + s ) - ( l + p ) l < l .  

T h e r e f o r e  ( i i )  h o l d s  i n  e i t h e r  % o r  %. 
- .- 

A 

Now u s i n g  ( * )  we g e t ,  

- - - - 
x l + q . . . x  < z m . . . x  ' X  

(;im+l) L Xm ( X , + l ) .  

n -  p-q  l + q '  

r + s - ( l + p ) -  n - s  - r-m 

o i f  ( r + s ) - ( l + p ) = l  

1 i f  ( r + s ) - ( l + p ) = ~  i H e n c e ,  ( n + m ) - ( r + s )  - < 

S i m i l a r l y ,  u s i n g  t h e  s e c o n d  e q u a t i o n  o f  ( * )  we g e t  

-1 i f  (r+s)-(p+l)=O 

-2 i f  (r+s)-(p+l)=l 

- 
i ( n + m ) - ( r + s )  - > 

T h e s e  r e s u l t s  t o g e t h e r  g i v e  u s  I ( n + m ) - ( p + l )  1<1. 

We n e x t  show t h a t  i f  ( n + m ) - ( p + l L , l ,  t h e n  ( r + s ) - ( p + l ) = O .  

F o r  a s s u m e  t h a t  ( n + m ) - ( p + l ) = - l  a n d  ( r + s ) - ( p + l ) = l .  Then  

b y  l e m m a  1 . 2 . 1 ,  

R l + q  i = l + q  
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p - q - r + l  ( X m + l )  -1 
- 
v 

- Xm - n-s ( , ,+ l ) s -P+q  
A m 

T h i s  c o n t r a d i c t i o n  p r o v e s  t h a t  i f  ( n + m ) - ( p + l ) = - 1 ,  t h e n  

( r + s )  - ( p + 1 )  =o. 
A 

I f  now ( n + m ) - ( p + l ) = - 1 ,  t h e n  7 s a t i s f i e s  ( i )  a n d  ( i i ) .  

Case 2 b  p > 1 + 2 q .  - We f i r s t  show t h a t  7 c a n  b e  s e l e c t e d  s o  

t h a t  o n e  o f  t h e  f o l l o w i n g  i s  t r u e :  

I f  i n  7r 2 + q < r < p - q < s ,  - - t h e n  by  l e m m a  1.2.1 

i = r - 1  X r - l  i = r  

A c t u a l l y ,  t h e  o n l y  c h a n g e  i n  ? < r - l , s >  i s  t h a t  t h e  

- - 
s e q u e n c e  x r Y * - *  , x S  has b e e n  s h i f t e d  t o  t h e  l e f t  o n e  p o s i -  
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t i o n .  

e i t h e r  

A s u f f i c i e n t  numb e r of  s u c h  

o r  

s h i f t s  w i l l  r e s u l t  i n  

I f  r l l + q < s < p - q - l  a d u a l  a r g u m e n t  p r o v e s  t h e  same - 
I -  

r e s u l t .  

m+ n - < ( p + l ) + l ,  

( p + l ) l ( n + m ) + l .  

H e n c e  / ( n + m ) - ( p + l ) l L l .  I n  one  o f  T o r  T ,  ( i )  i s  now t r u e .  
A 

We show n e x t  t h a t  I ( r + s ) - ( m + n ) l < l .  F o r  a s s u m e  - 

I -  

* 

( r+s  -(m+n) .- > 3 .  

> o .  

T h i s  c o n t r a d i c t i o n  e s t a b l i s h e s  t h a t  A 

a r g u m e n t  g i v e s  ( m + n ) - ( r + s ) Z l .  Hence  I ( r + s ) - ( m + n )  151. 

s i m i l a r  

U s i n g  t h e  c o m p a r i s o n s  i n  t h e  p r e c e d i n g  p a r a g r a p h ,  



I .  . 

we see that 

if (r+s)-(m+n)=l, then p=~(G)=p(;<r-1,~>); 

if (r+s)-(m+n)=-l, then p'o(~)=a(~<s+l,r>), 

S O  now if (r+s)-(m+n)=o, let ? I = ? ,  

if (m+n)-(l+p)=l r n<s+l,r> if (m+n)-(l+p)=~ 
n<r-l,s> if (m+n)-(l+p)=l k if (m+n)-(l+p)=O 

If (r+s)-(m+n)=-l, let T I =  - 
- 

If (r+s)-(m+n)=l, let ? i '=  

With the above choices for R ' ,  condition (ii) is true. 

Case 2b2 rll+qcp-q<s. We first show I(r+s)-(p+l) l<l. For __ - 

assume (r+s)-(p+l)>2. - Then by lemma 1.2.1, O ( ? < : - - l , s > ) 4 ( ? ) =  

s - 1 - a  S 
I - 1 z . . .  x i+q- 1 zi...zi+q -1 -- i 

Xr-l r-1-q xs r 
- 

- - s-1 - xl+ . . .  xi p-4 xi...xp- 
- - -  c >B - p-q+1 

P - 9  X i=r 

This contradiction proves that (r+s)-(p+l)<l. - A similar 

argument proves (p+l)-(r+s)zl. Hence in one of ! or 7, 

(ii) is satisfied. 

A 

The first equation in ( * )  becomes on substitution 

An-S(A+l)S-P+q<Ar-m - (A+1) 2 + q - r  . From this we get 

(m+n)-(r+s)cl if (r+s)-(p+l)=O; 

( m+n ) - ( r+ s ) 50 i f ( r + s  ) - ( p+l ) = 1. 
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S i m i l a r l y ,  t h e  s e c o n d  e q u a t i o n  i n  ( * )  y i e l d s  

(m+n 1 - (  r + s  - >-1 i f  ( r + s  ) - ( p + l )  = O  

If ( r + s ) - ( p + l ) = O ,  t h e n  ( i )  a n d  ( i i )  b o t h  h o l d  i n  o n e  
A 

o f  ii o r  ;. 
If  ( r + s ) - ( p + l ) = l ,  we show ( m + n ) - ( r + s ) L - l -  For a s s u m e  

T h i s  c o n t r a d i c t i o n  p r o v e s  t h a t  ( m + n ) - ( r + s ) > - 1 .  - 

Thus  i f  ( r + s ) - ( p + l ) = l ,  t h e n  ( m + n ) - ( r + s ) = O  o r  1. S o  

( i )  i s  t r u e .  

We now show t h a t  o u r  r e s u l t s  a r e  v a l i d  e v e n  i f  some o f  

X * * '  , x n  a r e  o n e .  E v i d e n t l y  i n  t h i s  c a s e  we h a v e  some 

f r e e d o m  i n  t h e  c h o i c e  o f  m and  n .  Lemmas 1 .1 .11 -13  

a l l o w  u s  t o  a s s u m e  X ~ ~ . . . < X ~ + ~ .  - 

x n 1 2  a n d  x i = l  f o r  i = n + l , .  . . , p .  Ther? m i s  c h o s e n  t o  b e  n - q .  

We now s e l e c t  n s o  t h a t  

B e c a u s e  n L l + q ,  w e  h a v e  m'l. W i t h  t h i s  c h o i c e  o f  m a n d  n 



4.1 

l e m m a s  1 . 2 . 1 7 ,  1 . 2 . 1 8 ,  a n d  t h e o r e m  1 . 2 . 1 9  r e m a i n  v a l i d .  

I t  i s  t h e n  s t r a i g h t f o r w a r d  t o  v e r i f y  t h a t  i n  t h e o r e m  1 . 2 . 2 2  

a 7 '  c a n  b e  f o u n d  s a t i s f y i n g  ( i i )  a n d  s a t i s f y i n g  ( i )  for 

some new c h o i c e  o f  m a n d  n . 1  

I n  t h e o r e m s  1 . 2 . 2 .  a n d  1 . 2 . 2 2  t h e r e  i s  e x a c t l y  o n e  

p a r t i t i o n  s a t i s f y i n g  t h e  c o n c l u s i o n s .  We g i v e  a n  e x p l i c i t  

d e s c r i p t i o n  o f  t h i s  p a r t i t i o n  i n  t e r m s  o f  N , p ,  a n d  q .  

T h e o r e m  1 . 2 . 2 2  W i t h  IT a s  d e f i n e d  b e l o w ,  V = S r ( T ) .  

N - p + q + l  L e t  A =  
q+ 1 

e 

D e f i n e  m , n , r ,  a n d  s b y  

Now d e f i n e  x i  by  

X i ' l  f o r  i=l ,  . . . , m - 1  , n + l ,  . . . , p  

x i = [ A ]  f o r  i = m , .  . . , r - l , s + l , .  . . ,m 
x i = [ A ] + l  f o r  i = r ,  . . . ,  s .  

P r o o f .  I t  i s  r o u t i n e  t o  c h e c k  t h a t  m , n , r ,  a n d  s s a t i s f y  

t h e  c o n d i t i o n s  i n  t h e o r e m s  1 . 2 . 2 1  a n d  1 . 2 . 2 2 ,  a n d  t h a t  

f x.=N.( 
1 1=1 

U s i n g  t h e  p a r t i t i o n  i n  t h e o r e m  1 . 2 . 2 2  i t  i s  p o s s i b l e  

t o  c o m p u t e  e x a c t l y .  The g e n e r a l  f o r m u l a  i s  t o o  p o n d e r o u s  



t o  b e  i n t e r e s t i n g .  We g i v e  i n s t e a d  a s i m p l e r  a p p r o x i m a t i o n  

f o r  u w h i c h  d o e s  n o t  i n v o l v e  r a n d  s .  

T h e o r e m  1.2.23 

I f  p11+3q, 

I n  e i t h e r  c a s e ,  i f  [A]=l, t h e n  a n  a l t e r n a t e  l o w e r  b o u n d  f o r  

u i s  p - q < p .  - 

Proof. The l o w e r  b o u n d s  a r e  f o u n d  when a l l  o f  x m ,  . . . ,  xn 

a r e  [A]. The u p p e r  b o u n d s  a r e  f o u n d  when a l l  t h e  t e r m s  

x,, . . . , x n  are [A]+l. 



C h a p t e r  11 

M a x i m i z i n g  o v e r  N o n n e g a t i v e  Rea l  Numbers  

We t u r n  t o  t h e  s e c o n d  p r o b l e m  s t a t e d  i n  c h a p t e r  0 .  The  

t h r e e  f i x e d  p a r a m e t e r s  a r e  a , p ,  a n d  q ,  w h e r e  a i s  a p o s i t i v e  

r e a l  number  a n d  l < q l p - l .  - The v a r i a b l e s  x i  a r e  now n o n -  

n e g a t i v e  r e a l  n u m b e r s .  I f  E’ d e n o t e s  e u c l i d e a n  p - s p a c e  , 

t h e n  TI i s  g i v e n  b y  

L e t  R,o d e n o t e  t h e  s e t  o f  n o n n e g a t i v e  r e a l  n u m b e r s .  Then  

t h e  m a p p i n g  O : I I + R , ~  a n d  t h e  number  1.1 a r e  d e f i n e d  a n a l o g o u s l y  

t o  t h e  f i r s t  p r o b l e m ,  i . e .  G ( I T ) =  1 ~ i . . . x i + ~  a n d  U=max 7 ( i ; .  

- 

P-9  

i= l  

- 

TrEn  

- 
I n  t h e o r e m  2.1 we p r o v e  t h a t  1.1=3(;) for some TTEII. The  

r e s u l t s  o f  t h i s  c h a p t e r  a r e  s t a t e d  i n  t h e o r e m  2 . 5 .  

T h e o r e m  2 . 1  The  number  1.1 e x i s t s  a n d  t h e r e  e x i s t s  a p a r -  

t i t i o n  %&TI s u c h  t h a t  u T f ( ; ) .  

-- Proof. We show t h a t  i s  a c o m p a c t  s u b s e t  o f  Ep a n d  t h a t  

ci : I ? + R > ~  i s  c o n t i n u o u s .  - 
L e t  d d e n o t e  t h e  s t a n d a r d  m e t r i c  f o r  E p ,  a n d  l e t  

e = ( O , .  . . , 0 )  d e n o t e  t h e  z e r o  e l e m e n t  i n  E p .  For I T E I I ,  

OlxiLa for i= l , .  . . , p .  T h e r e f o r e  

43 
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S o  f o r  T , I T ' E I I ,  

Hence  t h e  s e t  r[ i s  b o u n d e d .  
W 

L e t  (.rrj) j = l  b e  a Cauchy s e q u e n c e  o f  e l e m e n t s  i n  IT 

w i t h  l i m i t  IT i n  Ep. We show TTEII, C o n v e r g e n c e  i n  Ek i s  

e q u i v a l e n t  t o  c o n v e r g e n c e  i n  e v e r y  c o o r d i n a t e .  F o r  i f i x e d ,  

x i =  l i m  X J  
j + m  i 

LO, b e c a u s e  x?>O f o r  a l l  j ,  
1- 

T h a t  i s ,  i n  T x i 2 0  f o r  i= l , .  . . , p .  

. a  
Now b e c a u s e  ( I T J l j z l  i s  Cauchy i n  e a c h  c o o r d i n a t e ,  f o r  a 

f i x e d  &>O a n d  f o r  a f i x e d  i ,  t h e r e  e x i s t s  a n  

N ( E , i )  s u c h  t h a t  f o r  a l l  j L N ( E , i ) ,  I X i - x i l < E -  j 

P 
L e t  N ( E ) =  max N ( E , i ) .  Then f o r  a f i x e d  &>O, t h e r e  e x i s t s  a n  

i=l  
j I?(&) 

Now l e t  E > O  b e  a r b i t r a r y  b u t  f i x e d .  S e l e c t  N s o  l a r g e  

s u c h  t h a t  f o r  a l l  j z - N ( & )  a n d  f o r  a l l  i , l x i - x i l C & *  

H e n c e  x i = a .  Combined w i t h  t h e  r e s u l t  t h a t  x i l O  f o r  
i=l  

i= l ,  . . .  , p ,  t h i s  p r o v e s  t h a t  TTEII. 



. 

T h u s  ll c o n t a i n s  a l l  i t s  l i m i t  p o i n t s .  S o  TI i s  a c l o s e d  

s u b s e t  o f  Ep .  I t  was shown e a r l i e r  t h a t  fl i s  b o u n d e d .  Con- 

s e q u e n t l y  ll i s  c o m p a c t  i n  E p .  

The  m a p p i n g  5 : l l - + R , 0  c o n s i s t s  o f  sums o f  p r o d u c t s  o f  
I 

p r o j e c t i o n s ,  w h i c h  a r e  c o n t i n u o u s .  S o  5 i s  c o n t i n u o u s .  

S o ,  u s i n g  a w e l l - k n o w n  t h e o r e m  f r o m  t o p o l o g y ,  i t  m u s t  

b e  t r u e  t h a t  G a t t a i n s  a maximum p f o r  some %€I?. I 
Lemma 2 . 2  L e t  t h e  d i s t i n c t  i n t e g e r s  h a n d  k i n  t h e  r a n g e  

l < h , k < p  b e  s u c h  t h a t  I h - k l > q .  L e t  r = ( x l  ,. . . , x  )&ll b e  s u c h  

t h a t  x = E > O .  Then  
P 

- - 

h k k 

( ~ < h , k > ) - ~  ( I T ) =  -- Xk 1 x i .  - 1 x i . .  e X i + q .  
Xh i = h - q  i = k - q  

--- P r o o f .  We o m i t  t h e  p r o o f ,  f o r  i t  i n v o l v e s  t h e  same t e c h n i q u e  

as  lemma 1 . 2 . 1 . 1  

T h e o r e m  2 . 3  T h e r e  e x i s t s  a p a r t i t i o n  ?" s u c h  t h a t  S"0 

f o r  i = 2 + q , .  . . , p .  

1 

P r o o f .  We f i r s t  p r o v e  t h e  f o l l o w i n g :  i f  l < h < k - q - 1 ,  - -  k l p ,  

t h e n  t h e r e  e x i s t s  a p a r t i t i o n  7 s u c h  t h a t  zi=O f o r  

i = 1 , 2 , .  . . , h - l , k + l , .  . . , p ,  a n d  w h e r e  Xh'o o r  x k = o .  The  p r o o f  

i s  b y  i n d u c t i o n  o n  k-h  f r o m  p - 1  t o  q + l .  

To s t a r t  t h e  i n d u c t i o n ,  l e t  k - h = p - 1 .  Then  k = p  a n d  h = l .  
A 

T h e  c o n d i t i o n  xi=O f o r  i = 1 , 2 ,  . . . ,  j-l,k+l,..., p i s  t r u e  b y  

c o n v e n t i o n .  Assume w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  x h , x k > O .  
- -  

D e f i n e  I T '  a n d  TI" b y  
- 

n ' = T < l , p >  w h e r e  E = X  and  

TI"=:<p ,1> w h e r e  E=xl .  

P' 



I - -  

. . .  

Then by  lemma 2 . 2 ,  

- 
I f  o ( . r r ' ) - ~ ~ ( . r r ) ~ O ,  t h e n  p = a ( % ) = a ( . r r ' )  a n d  x = O .  

I f  c r ( n " ) a ( ~ ) , O ,  t h e n  p=a(.rr)=a(.rr") a n d  xl=O. 

I n  e i t h e r  c a s e  t h e  d e s i r e d  p a r t i t i o n  h a s  b e e n  p r o d u c e d ,  

P - 

p r o v i n g  t h e  s t a t e m e n t  f o r  k - h = p - 1 .  

Now l e t  h a n d  k b e  s u c h  t h a t  l < h ,  - k i p ,  a n d  q + l < k - h < p - 2 .  - - 

W i t h o u t  l o s s  o f  g e n e r a l i t y  a s s u m e  Xh ,xk>O.  

Case 1 h > 2 .  

A p p l y i n g  t h e  i n d u c t i v e  h y p o t h e s i s  t o  h - 1  a n d  k y i e l d s  a 

p a r t i t i o n  

s u c h  t h a t  x h - l = o .  

s u c h  t h a t  Xi=o f o r  i = 1 , 2  , . . . ,  h - 2 , k + l , . . . , p ,  a n d  

D e f i n e  71' a n d  .rr" by 

t h e n  ~ ( n " ) =  (?r)=P a n d  I k = O .  I f  a ( n f ) - 5 ( n ) L 0 ,  

t h e n  5 ( l T f ) = 3 ( T ) = p  a n d  zh=O. I n  e i t h e r  c a s e  t h e  d e s i r e d  

p a r t i t i o n  h a s  b e e n  p r o d u c e d .  B e c a u s e  ( B - h ) < ( k - ( h - l ) )  , t h e  



s t a t e m e n t  i s  p r o v e d  by  i n d u c t i o n .  

- C a s e  2 h=l - I n  t h i s  c a s e  t h e  i n d u c t i v e  h y p o t h e s i s  mus t  b e  

a p p l i e d  t o  h a n d  k + l .  A s i m i l a r  a r g u m e n t  w o r k s  t h e r e a f t e r .  

I n  p a r t i c u l a r ,  for h = k - q - 1 ,  t h e r e  i s  a p a r t i t i o n  5 

S u c h  t h a t  $ i = o  f o r  i=1,. . . , h - l , k + l , .  . . , p ,  a n d  z h = o  O r  z k = o *  

Or, w i t h  a p p r o p r i a t e  r e l a b l i n g ,  t h e r e  i s  a p a r t i t i o n  5 s u c h  

t h a t  xi=O f o r  i = l , .  . . , m - l , n + l , .  . . , p ,  w h e r e  m a n d  n a r e  s u c h  
- 

t h a t  l < m , n L p , n - m = q .  - 

F i n a l l y ,  d e f i n e  T o  b y  X p = X m + i - l  f o r  i = l , 2 , .  . . , l + q  a n d  

% p = O  f o r  i = 2 + q ,  . . . , p .  Then  

0 (70)= 2;. . . L O  
l + q  

H e n c e f o r t h  'Ti d e n o t e s  t h e  p a r t i t i o n  o f  t h e o r e m  2 . 3 .  

q i  1 

H e n c e  i n  ?r i t  m u s t  b e  t r u e  t h a t  X i > O  f o r  i=l  ,... , l + q .  

L e t  7~ b e  s u c h  t h a t  xi=O for i = 2 + q , . .  . , p ,  xi>O f o r  

i = l , . .  . , l + q ,  b u t  t h a t  Xh#Xk f o r  some h a n d  k i n  t h e  r a n g e  

l < j  - , k c l + q .  We show pp3 ( T ) .  

Assume w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  x h > x k .  S e l e c t  

E t o  b e  E= X h - x k .  
2 



Yl+q T h e n  CI ( n r < k , h > )  = yl.. . 

T h u s  p#J (IT), a n d  t h e  t h e o r e m  i s  e s t a b l i s h e d .  I 

a 11-q - c1 c1 
- 

T h e o r e m  2 . 5  F o r  IT= (- l + q "  - *,-,o,. . . , o ) ,  p = d I T ) = ( - )  . 
\ 1+q, l+q 

Proof. The  p r o o f  i s  i m m e d i a t e  f r o m  t h e o r e m  2.k. I 


